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We propose an approach to generate strong quantum entanglement by the controllable four-wave-mixing
mechanism in a single-cavity, weak-coupling optomechanical system. The optomechanical system is driven

by a strong two-tone pump field and a weak signal field, simultaneously. The two-tone pump field consists
of a lower and an upper sideband, which couple with the optical cavity and mechanical resonator, and generate
the beam-splitter and two-mode squeezing interactions under the rotating-wave approximation. This interaction
mechanism modifies the effective susceptibility of the optomechanical cavity and optomechanically induces a

four-wave-mixing process. Strong quantum entanglement can be generated between the signal and four-wave-
mixing fields in realistic optomechanical systems. The generation scheme of the quantum entanglement is quite
robust against thermal-mechanical noise, and significant entanglement can persist at room temperature in the

weak-coupling regime.
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I. INTRODUCTION

Cavity optomechanics explores the interaction between
intracavity electromagnetic fields and micromechanical or
nanomechanical motion via radiation-pressure force. It pro-
vides a powerful platform for fundamental quantum physics,
quantum sensing, and quantum information processing [1].
Typical optomechanical first-order interactions include the
beam-splitter (BS) and two-mode squeezing (TMS) interac-
tions, which can produce various physical phenomena. The
BS interaction enables the exchange between photons and
phonons that contribute to sideband cooling [2-7], coherent
quantum state transfer, wavelength conversion [8—12], and op-
tomechanically induced transparency [13,14]. In comparison,
the TMS interaction enables the generation of photon-phonon
pairs, and has been used to realize the entanglement between
photons and phonons [15] and optomechanically induced am-
plification [16]. By combining the BS and TMS interactions,
the Bogoliubov mode in the optomechanical system can be
generated [17—19]. The back-action evasion measurement for
the mechanical quadrature component was achieved when the
coupling strengths of the BS and TMS interactions were equal
[20-23]. Moreover, the quantum squeezed state of the me-
chanical mode has been generated by increasing the coupling
strength of the BS interaction to be larger than that of the TMS
interaction [18,24-28].

Squeezed light fields are typical nonclassical states where
the fluctuation noise in one quadrature of the optical field is
below the standard quantum noise limit; these fields have been
demonstrated in optomechanical systems [29-31]. The two-
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mode squeezed state is a special type of quantum entangled
state, where the amplitude quadrature and phase quadrature
of the states are both quantum correlated. Quantum entan-
glement is a crucial resource for quantum communication
and quantum computing [32,33], can improve measurement
sensitivity, and is beneficial to quantum metrology [34,35].
The quantum entanglement of two output optical fields in
optomechanical systems has been investigated by coupling
a cavity mode with a mechanical mode [36,37], two cavity
modes simultaneously with a mechanical mode [38—40], or
two mechanical modes [41,42].

In this study, we present a scheme to produce strong
quantum entanglement via the controllable four-wave-mixing
(FWM) process in a single-cavity, weak-coupling optome-
chanical system. Our scheme requires neither the strong cou-
pling condition nor multiple cavity modes. Instead, only a
two-tone pump field [43—45] is required, which couples with
the mechanical resonator to generate the desired BS and TMS
interactions. In this way, the effective susceptibility of the
optomechanical cavity is modified, and an optomechanically
FWM process is induced when a weak signal field is incident
on the system.

The FWM enables a significant amplification of the signal
field and generates an associated FWM field. We find that
there exists strong quantum entanglement between the signal
and the FWM fields with realistic experimental parameters.
Our scheme works in a resolved-sideband regime, which
facilitates the high-efficiency laser cooling of the mechanical
mode, a key factor for achieving strong quantum entanglement
for optomechanical systems. We show that even without the
strong optomechanical coupling, considerable quantum entan-
glement at room temperature can still be achieved by carefully
controlling the ratio of BS and TMS interactions.
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The rest of this study is organized as follows: In Sec. II, we
present the theoretical model of the optomechanical system
and derive the output field, which consists of the classical
mean field and quantum fluctuation field, by solving the
quantum Langevin equation. In Sec. III, we investigate the
classical characteristics of the signal and FWM fields, in-
cluding the bandwidth, center frequency, and intensity gain.
In Sec. IV, we study the quantum entanglement between the
signal and FWM fields, and analyze the dependence of the
entanglement on the relevant experimental parameters, includ-
ing the optomechanical coupling strength, escape efficiency
of the optical cavity, and environmental temperature. Finally,
conclusions are given in Sec. V.

II. OPTOMECHANICAL SYSTEM MODEL
A. Hamiltonian and Langevin equations

We consider an optomechanical system consisting of a
mechanical resonator with resonance frequency w,, and an
optical cavity with intrinsic resonance frequency w.. The
optical cavity is driven by an intense two-tone pump field con-
sisting of a redshifted sideband w_ = w. — wy, a blueshifted
sideband w; = w, + wy, and a weak probe field with fre-
quency wy. Here, w, is the effective resonance frequency of the
optical cavity considering the average radiation pressure of the
two-tone pump field. As we will show below, in the resolved-
sideband regime ¥ < w,, and under the rotating-wave approx-
imation, the optomechanical coupling of the redshifted and
blueshifted sidebands with the mechanical resonator produce
the BS interaction and TMS interaction, respectively [46,47].

The Hamiltonian of the optomechanical system is
written as

H = hwewa'a + lhwab b+ higoa'a(d” + b) + Hgive, (1)

where a(b) is the photon (phonon) annihilation operator,
and go denotes the single-photon optomechanical coupling
strength. The first two terms on the right-hand side of Eq. (1)
are the free Hamiltonian of the cavity field and the mechanical
mode, respectively. The third term is the interaction Hamil-
tonian, and Hgive denotes the driving Hamiltonian, which is
written as

Hgrive = ih/Kex(ope ™ +a_e™ ! + ae™™a’ + Hee.,
2)

where ., is the decay rate of the input cavity mirror (external

loss rate), and kg is the internal loss rate of the cavity apart

from «,,, which results in a total decay rate k = k., + ko. The
driving strength |c, | = /P, /hw, (1 = £, 5) is related to the
input laser power P, and we assume that |o |, |a—| > |agl.

The quantum Langevin equations of the cavity field a and
mechanical mode b have the forms

a=—(iwq + k/2)a — igoa(b + b") + ke (t)
+ A/ Kexin + «/K_Oava (3)

b = —(iwy + Ym/2)b — igoa’a + /Vmn, 4)

where (t) = aype " + a_e ™ + a,e”™! denotes the to-
tal driving fields, and a;, and a, denote the quantum fluctua-
tion noise of the input field and vacuum field, respectively. y,,

is the intrinsic mechanical damping rate, and 7 is the thermal
drive to the mechanical resonator.

We apply the transformations a = @_e " + @ e ™+ 4
a; and b = B + by to the optical field and mechanical mode,
where a; and b, represent the fluctuation fields of the cavity
mode a and mechanical mode b, respectively, and @y =
JKextts [(Fiwo + k /2) represents the mean intracavity coher-
ent amplitude of the two-tone pump field. Without loss of
generality, we assume & to be real in the following. Note
that the intrinsic resonance frequency of the optical cavity
. 1s shifted to w, = w.o + goX by the average displacement
of the mechanical mode, which is given by ¥ = 8 + p* =
—2go(@% + @%)/wp.

In the resolved-sideband regime x < w,,, by transforming
the system to a rotating frame defined by Hy = hwcaIal +
hwobibl and applying a rotating-wave approximation, the
linearized interaction Hamiltonian can be written as follows
by neglecting the nonlinear terms:

H = hAyblby + hG_(ajby + a1b}) + hG 1 (a}b] + a;by),
(&)

where A,, = w,, — wo denotes the mechanical frequency de-
tuning between the intrinsic mechanical frequency w,, and the
frequency wy, and G_ = goa_ (G, = go&) denotes the op-
tomechanical coupling strength of the BS (TMS) interaction
arising from the redshifted (blueshifted) sideband. Starting
with Eq. (5), the quantum Langevin equations of the fluctu-
ation fields a; and b; are given by

ar = (= /2)ar — i(G_by + Gy bl) + icmae ™
+ A/ KexQin + \/Eav, (6)

by = —(iAp + Yu/2)b1 — i(G_a) + G1a)) + v, (7)

where A; = w; — w, is the frequency difference between the
signal field frequency w; and the effective resonance fre-
quency of the optical cavity w,.

B. Solutions in the frequency domain

To facilitate the characterization of the entanglement
properties of specific spectral components in Sec. IV,
we use the windowed Fourier transform o[w] =
lim; 00(1/4/7) fjj/f o(t)e®dt [14849] instead of the
conventional Fourier transform with the range of time
integration from —oo to 400, where t is the finite sampling
time. In this case, o[w] are discrete bosonic operators
satisfying the commutation relation [o[w], o[@'11] = 8o
[48], in contrast to the continuous field bosonic operators
with [o[w], o[w']T] = 8(w — &'). By converting Egs. (6) and
(7) into the frequency domain using the Fourier transform, we
obtain the corresponding optomechanical damping rate yqp
and mechanical frequency shift §w,, [1] in the weak-coupling
regime G1 < « (see Appendix A for details):

k(G2 —G3)

ot = —————, 8

Yopt A,zn +K2/4 (8)
A (G2 — G2

Swy, = g 9)
A2+ k2[4
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Considering the input-output relation agy[w] = —apn[w] +
JEKexai[w], the reflective field from the optical cavity is
given by

a/[0] = (Alolke — D(alw — Al + anlo])
+ Alw]/Keckoay[®] + Blwlke (o [w 4+ Al
+a} [0]) + Blo]/Kekoa) (] + Clwl/Keymnlo]
+ Dlw]/KexVun @], (10)

The reflective field a,[w] consists of two parts: the classical
mean field ¢, and the quantum fluctuation field a,, which are
expressed by

Doaglo — Al + Blolkof [o + A,

Y

arlw] = (Alwlke —

ari[w] = (Alwlke — 1ain[w] —I—A[a)]v KexKoy[@]
+ Blwlkna) [0] + Blwly/Kekoa, ]
+ Clwly/Kevmnlw] + Dlolkeymn o] (12)

From Eqgs. (11) and (12), it is clear that the optomechanical in-
teraction mechanism modifies the susceptibility of the optical
cavity from its original form y.[w] and induces a conjugate
field a}[w + A,] (FWM field). The modified susceptibility
of the optical cavity depends on the coefficients Alw], Blw],
Clw], and D[w], which in turn rely on the parameters of the
optomechanical system (see Appendix A for details).

III. OPTOMECHANICAL FWM PROCESS

In this section, we investigate the frequency response char-
acteristics of the classical field. Assuming that the input signal
field « is a monochromatic field and transforming Eq. (11)
into the time domain, we find that there are two frequency

components w = Ay and w = —A; in the reflective classical
field a,[w]:
or—s[As] = (A[Aglker — Doy, (13)
arfc[_As] = B[—AS]Kngl:, (14)

where o, [As] and «,_.[—A,] correspond to the signal
and FWM fields (wr = 2w, — wy), respectively, as shown in
Fig. 1. From the above equations, the intensity gains of the
reflective signal and FWM fields are

RJIA) = |, s[As]/as|* = |A[A ke — 117, (15)
RI=A ] = loy—o[— A/} P = [B[- Ak . (16)

Figure 2 plots the intensity gain R,[A] (R.[—A,]) of the
signal (FWM) field as a function of the frequency detuning
Ay. The simulation parameters we use are w,, = 2w X 5.85 x
10° Hz, VYm = 2w X S5Hz, k = 0.1w, k. = 0.98k, and wy =
0.95w,,. The curves in Fig. 2 correspond to the TMS inter-
action coupling strengths of G = {30070,30000, 29900} Hz
from top to bottom, respectively, in which the BS inter-
action strength is set as G_ =3 x 10* Hz. For all curves,

FIG. 1. (a) Spectrum of cavity response, optical driving fields,
and FWM fields. w,: effective cavity resonance frequency; w_ and
w,: two-tone driving field; w,: signal field; wr: FWM field. (b)
Energy-level diagram of the optomechanical system. A/ is the
effective mechanical detuning; m and n denote the phonon number
of the mechanical mode and the photon number of the cavity mode,
respectively.

the weak-coupling condition G+ < « is satisfied. The sig-
nal (FWM) field presents a supernarrow frequency response
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FIG. 2. Intensity gain spectrum of the reflective field versus the
signal frequency detuning A, for different coupling strengths G : (a)
signal field and (b) FWM field. G_ is set as 3 x 10* Hz.
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FIG. 3. (a) Effective mechanical frequency detuning A/, and (b)
effective damping rate y.+ as a function of the TMS interaction
strength G, . For all cases, G_ = 3 x 10* Hz.

bandwidth determined by the mechanical effective damping
rate Yeff = ¥m + Yopr- Lhe peak intensity gain of the sig-
nal (FWM) field occurs at the frequency of A, = FA),
(—Ay = £A’,,), which indicates that injection of the weak
signal field with frequency A; = A/, into the optomechani-
cal system induces a FWM field with frequency —A; = +A/,
when the strong two-tone pump field is applied, as shown in
Fig. 1(b). Note that A/ = A,, + Sw,, denotes the effective
mechanical frequency detuning, considering the mechanical
frequency shift induced by the optomechanical self-energy
[see Eq. (9)].

The frequency response characteristics of the FWM pro-
cess is tunable by varying the optomechanical self-energy. In
Fig. 3, we plot the effective mechanical frequency detuning
A’ and effective damping rate y.r as a function of the
coupling strength G,. Other simulation parameters are the
same as those in Fig. 2. The circles A, B, and C represent
three different G in Fig. 2 with A :G; = 29900Hz, B :G; =
30000 Hz, and C :G, = 30070 Hz. Note that the TMS inter-
action strength should satisfy G+ < 30100 Hz (point D) to
avoid the instability effect of the mechanical system.
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FIG. 4. Intensity gain of the signal and FWM fields as a function
of the mechanical intrinsic damping rate y,,.

From Egs. (15) and (16), the peak intensity gain of the sig-
nal (FWM) field at the center frequency A; = —A! (—A; =
A})) is given by

Ry = [A[=A ke — 112, (17)

R. = |B[A,)ker | (18)

Figure 4 shows the peak intensity gain of the signal (FWM)
field as a function of the mechanical intrinsic damping rate y,,,,
in which the optomechanical self-energy is set to zero, that is,
G, = G_ =3 x 10* Hz, and the other simulation parameters
are the same as those in Fig. 2. We find that the lower
mechanical intrinsic damping rate y,, makes a higher intensity
gain, which can exceed 107 at the region of y,, < 30 Hz. This
indicates that a high-quality factor of the mechanical resonator
predicts a high intensity gain in the absence of optomechanical
self-energy.

For a given mechanical resonator with a fixed quality
factor, one can tune the peak intensity gain by controlling the
optomechanical self-energy. To this end, we fix G_ and adjust
G4 1029900 Hz (point A), 30000 Hz (point B), and 30070 Hz
(point C), as shown in Fig. 3(b); the effective mechanical
damping rate is changed to y.¢ = {64.0,31.4, 8.5} Hz. In
order to verify that the effective mechanical damping yes
has the same tuning effect on the intensity gain as the in-
trinsic damping rate y,,, we extract three intrinsic damping
rates: A’ : 8.5Hz, B’ : 31.4Hz, and C’ : 64.0Hz. These are
presented in Fig. 4, and have the same values as A, B, and
C. We find that the intensity gains of A’, B’, andC’ in Fig. 4
are equal to the peak gains of A, B, and C, respectively (see
Fig. 2). According to the above analysis, the peak gain of the
intensity mainly depends on the effective mechanical damping
rate when the TMS coupling strength G varies around G_.

IV. THE QUANTUM ENTANGLEMENT

In this section, we study the properties of quantum entan-
glement between the signal and FWM fields with logarithmic
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FIG. 5. Entanglement of the signal and FWM modes as a func-
tion of analysis frequency under different TMS interaction strengths
G,.0=G,/G_and G_ =1.2 x 10°Hz.

negativity. For two-mode Gaussian states, the logarithmic
negativity can be expressed as

Ey = min{0, —log,(2v_)}, (19)

where the parameter v_ is the smallest symplectic eigenvalues
of the covariance matrix V charactering the state of the signal
and FWM modes. The components of the covariance matrix
V have the standard form V;; = (1/2)(ALAL; + ALAL),

where Aé’l = ci - <Ci>’ é‘i = [XS’ Y.S'7XC7 YC]7 and X.S(Y.Y) and
X.(Y,) are amplitude quadrature (phase quadrature) of the
signal and FWM fields, respectviely. Note that for the spectral
components of continuous stationary fields, the parameter v_
is equal to the two-mode squeezing spectrum [48], v_[w] =
S[w] (see Appendix B for detailed expressions of S[w]).

Figure 5 plots the entanglement of the signal and FWM
modes as a function of analysis frequency under different
TMS interaction strength G. The parameters of the mechan-
ical resonator we use for simulation are taken from Ref. [50],
with the mechanical frequency w, =27 x 1.14 x 10° Hz
and the quality factor Q,, = 1.03 x 10°. The other simulation
parameters used are k = 0.1w,,, k. = 0.98k, wy = 0.95w,,,
and the environment temperature 7 = 1 K. Note that w =0
corresponds to the frequency of the peak intensity gain of the
signal (FWM) field, A, = —A), (—A,; = A))) [Fig. 2(a)].

In order to satisfy the weak-coupling condition G+ < «,
we fix the coupling strength of the BS interaction G_ = 1.2 x
10° Hz and vary the coupling strength of the TMS interaction
G, which is normalized by G_, that is, 0 = G /G_. The
quantum entanglement increases with increasing o (or TMS
interaction strength G;). For o = 0.95, a strong quantum
entanglement (~5.3) can be achieved. However, the band-
width of the noise power spectrum decreases when o (G.)
increases; this is due to the effective mechanical damping rate
being reduced [see Eq. (8)].

The achievable quantum entanglement also depended on
other parameters of the optomechanical system, for instance,

8 —05=0.75 H
e=e5=0.85 :
besese 5 = (.95 ;

6 L . ,_

3
5 3
4r F)
p)
2 L
O Le ) ) ) ) E
0.0 0.2 0.4 0.6 0.8 1.0
Koxl K

FIG. 6. The maximum entanglement at the center analysis fre-
quency (w = 0) versus the escape efficiency of the optical cavity
Kee /K. For all curves, G_ = 1.2 x 10° Hz.

the escape efficiency of the optical cavity «,,/k . Figure 6 plots
the maximum quantum entanglement at the center analysis
frequency (w = 0) as a function of the escape efficiency of the
optical cavity k.,/«; the other simulation parameters are the
same as those in Fig. 5. We find that a higher escape efficiency
is beneficial to achieving stronger quantum entanglement,
and significant entanglement can be achieved for an escape
efficiency «,,/k larger than 0.9. In the range of k., /k < 0.9,
the differences of the entanglement for three different ratios of
optomechanical coupling strength, o = 0.75, 0.85, 0.95, are
not distinct.

The achievable quantum entanglement also depends on
the environment temperature where the mechanical resonator
is located. A large thermal phonon occupation number sig-
nifies intense thermal motion of the mechanical resonator,
which modulates the optical fields in a noncoherent way
and degrades the quantum entanglement of the optical fields.
Usually, a mechanical resonator is precooled by a cryogenic
cooling system to keep the optomechanical system away
from thermal noises. Figure 7 plots the maximum quantum
entanglement as a function of the environment temperature
T. The optomechanical coupling strength ratio between the
BS interaction G_ and TMS interaction G, is set to o =
G1/G_- =0.95, and G_ is varied (other parameters are the
same as those in Fig. 5).

For three different BS interaction strengths G_, Fig. 7
shows that the quantum entanglement decreases with the
increasing environment temperature; that is, lower thermal
phonon occupation is required to achieve a greater quantum
entanglement. At finite temperature, the entanglement sig-
nificantly depends on the BS interaction strength G_ and
TMS interaction strength G . For the coupling strength G_ =
1.2 x 10° Hz (green solid line), strong entanglement of ~5.3
can be generated at 7 = 1K and it drops with increasing
temperature and disappears at room temperature (7 = 298 K).
When improving the coupling strength G_ to 1.8 x 10° Hz
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FIG. 7. Maximum entanglement at the center analysis frequency
(w = 0) as a function of the environment temperature 7 with ¢ =
G,/G_ =0.95.

(blue dotted line), quantum entanglement beyond 3 dB can
still be obtained at room temperature, where the thermal
phonons’ occupation of the mechanical mode 7, is around
5.4 x 10°. We see that our scheme is quite robust against
temperature (thermal mechanical noise), and the robustness is
more significant for stronger BS interaction and TMS interac-
tion, which is particularly important for practical preparation
of optical quantum entanglement.

In the above analysis, we have assumed that the two tone
pumps are symmetrically detuned from the cavity resonance
frequency for simplicity. In this case, the output signal and
FWM fields are symmetrically located at two sides of the
cavity resonance frequency. If the detuning of the two tone
pumps are nonsymmetric with w_ = w. — wp + A and wy =
o, + wy, the simulations shows that output signal and FWM
fields will also be nonsymmetric relative to the cavity reso-
nance and their intensity gain decrease accordingly. For A =
5 x 1073w,,, which is feasible with current technology, the
intensity gain is still above several hundreds. In this case, the
entanglement is almost intact.

V. CONCLUSIONS

In summary, we have proposed a scheme to generate
strong quantum entanglement by a controllable optomechan-
ical FWM mechanism in a resolved-sideband and weak-
coupling optomechanical system. First, we studied the clas-
sical behaviors of the optomechanical FWM process and
showed that the frequency response characteristics, includ-
ing the bandwidth, center frequency, and intensity gain, are
tunable by the optomechanical self-energy effect. Then, we
investigated the quantum entanglement characteristics be-
tween the signal and FWM fields, and found that the two
optical fields are strongly quantum entangled with a logarithm
negativity of ~5.3 in proper conditions. We analyzed the key
factors that affect the degree of the quantum entanglement
and its bandwidth, including the optomechanical coupling

strength (BS and TMS interactions) and their ratio, the escape
efficiency of the optical cavity, and the initial environment
temperature of the mechanical resonator. In particular, we
find that significant entanglement with logarithm negativity
larger than 1 can be achieved at room temperatures with the
state-of-art optomechanical systems.

The presented scheme provides a promising way for quan-
tum state engineering with low pump power, integrated mi-
crodevices. In principle, it can apply to various optomechan-
ical and electromechanical systems operating from the ultra-
violet to microwave band, which may find potential applica-
tions in future quantum communication network and quantum
information processing.
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APPENDIX A: SOLUTIONS OF THE LANGEVIN
EQUATIONS IN THE FREQUENCY DOMAIN

Using the Fourier transform, Eqgs. (6) and (7) are converted
into the frequency domain:

ailw] = xlol{—i(G_bi[w] + G1b][®]) + Keats[w — A]

+ \/K_exain[w] + «/K—Oav [(1)]}, (Al)
bi[o] = xulwl{—i(G_ai[w] + Gyal[®]) + /ymnlwl},
(A2)

where x.[w] = (—iw + /c/2)’1 and x,low] =[—i(w — Ay)
+ ¥m/2]7" are the susceptibilities of the optical cavity and
mechanical resonator, respectively. Combining Eqs. (A1) and
(A2), and using the operator conjugate relation (o]’ =
o' [—w], we obtain the fluctuation field of the optical cavity
mode in the frequency domain,

ai[w] = Alol(VKetts[o — Ayl + Kexain[@] + /koay[@])
+ Blw]l(y/Kex [0 + Ayl +/Kexai [0] +/koal [w])
+ Clol/Ymnlw] + Dlo]/Vmn (o] (A3)

The coefficients that depend on the related parameters of
the optomechanical system are given by

Alw] = ,

(1 + xulolZ[oD(1 + xi[—w]Z[w])
Blw] = Xelolx [@]G -G (x -] — xmlw])

(1 + xml]Z[lw) + xi[—o]Z[w])’
(A4)

Clo] = —i Xel@]xml@]G - ,

(I + xmlolZ[w])
Dlo] = —i Xelolxn[—w]G4

Ut oIS
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Here, X[w] represents the optomechanical self-energy that is
derived from the unequal optomechanical coupling strength
between the BS and TMS interactions, and is defined as

Tlo] = x[w)(G* - G3). (A5)

The real and imaginary parts of the optomechanical self-
energy correspond to the frequency-dependent optomechani-
cal damping rate yop = 2Re(Z[w]) and mechanical frequency
shift Sw,,[w] = Im(X[w]), respectively. In the weak-coupling
regime G4 < k, the corresponding optomechanical damping
rate and mechanical frequency shift [1] are given by

k(G2 —G%)

ot = —————— A6

Yopt Afn+K2/4 (A6)
A (G - G?

Swy, = M (A7)
A2+ k2[4

APPENDIX B: THE QUANTUM CORRELATION
SPECTRUM

In this appendix, the detailed expressions for the amplitude
quadrature sum noise power spectrum Sy, [@] and the phase
quadrature difference noise power spectrum Sy, [w] are de-
rived. The amplitude and phase quadratures of the signal and
FWM fields in the frequency domain are defined as

X[w] = (anlw — A +a), [0+ AD/V2, (B

Ylo] = —i(anlo — A — a0+ AD/V2,  (B2)

X [o] = (anlw+ A +a) [0 — AD/V2,  (B3)

Yol = —i(an[o + A = df [0 = AD/v2. (B4

From the above optical field quadratures, we further define

two combined field quadratures, including both signal and
FWM fields. These are written as

X o] = X[o] + X[0])/V2, (BS)

Y7 (o] = o] - Yo])/V2. (BO)

The amplitude quadrature sum noise power spectrum
Syylw] and the phase quadrature difference noise power

J

spectrum S, [w] have the following form:

Syxlo] = (Sii[@] + S5 (] + Sk (0] + S5’ [@])/2, (BT)
Syylo] = (S57°[w] + Sy, o] — Sy [w] — Syy°[w]) /2. (B8)
From the right-hand sides of Egs. (B7) and (B8), we note
that the quantum correlation noise power spectrum contains
four terms. The first two terms represent the self-correlation
spectrum of the signal (FWM) field and itself, and the last two
terms are derived from the cross-correlation spectra between
the signal and FWM fields, which are essential to generate the
quantum entanglement.

From Eq. (12) presented in Sec. II, the Fourier transform
of the conjugate of the fluctuation field a,, is given by

al | [w] = M[w]kpain[w] + M[w]/Keakoay[®]
+ (N[w]ker — Daj [0] + N[w]/Kekoa! [o]
+ Plol/Kexymnlw] + Q[w]\/lcexymﬂw], (B9)

where the related coefficients are

_ Xelolxel@lG-Gy (ml@] — xul—@])

M|w] = )
(1 + xmlolZ[w])A + xi[—w]Z[w])
(I + gmlelZleDd + xi[-e)Ee])
(B10)
Plo] = i Xelolxml@]G 7
(1 + xmlowlZ[w])
Olo] = i Xelolx,[—wlG-

Ut oIS

To derive the quadrature noise power spectrum, the follow-
ing correlation relations are used, including the correlation
of input optical fields, and thermal noise correlation of the
mechanical mode in the frequency domain; here we have
assumed that the input field modes are in coherent states:

(@inwla) [0']) = (a,[w]al[@]) = 8_ 4,
(@] [®]an[o']) = (@} [w]a,[«]) =0,
. (B11)
(@) = Fn + 18— wars
" [@In[@']) = And—war

where 7, denotes the initial thermal phonons’ occupation of
the mechanical mode; it is proportional to the environment
temperature where the mechanical resonator is located. Using
Egs. (12), (A4), and (B9)-(B11), we finally obtain

S5 [w]l = 857 [w] = 0.5{(Alwi lkey — D(N[—@) Jier — 1) + M[wn]Bl—wa ]k’ + (Alw) IN[—w1] + M[w2]Bl—w2])k ko

+ Kex Yl (Clon 1Q[—w1] + Plwr 1Q[—w2 D7 + 1) + (Dlwi 1P[—wi] + Qw2 IC[—w2 Dityal},

(B12)

S lw] = S5y o] = 0.5{(Alwa ke — DN[—walker — 1) + Mlw1Bl—w1Ik2, + (A2 IN[—w2] + M[w; 1B~ Dkerko

+ KexYml (Clon ]P[—w2] + Ploy ]Q[—w1 D (i + 1) + (Dlw2]P[—w2 ] + Qo1 IC[—w1 D},

Six [w] = =83 [w] = 0.5{[(A[w: Jkex —

DB[—wi] + M@ ](N[—w2lkex —
+ KexYm[(Clon1D[—w1] + Ploz]0[—w2 (i, + 1) + (Do IC[— w1 ] + Qlan|P[—w2 iy},

(B13)

Dlkex + (Alw(1B[—w1] + M[w2IN[—w2])Kexko
(B14)
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Syx o] = =8y’ [w] = 0.5{[(Alwz]ker — DB[—w2] + M{wi[(N[—wi]kex — Dlkex + (Alw2]Bl—w2] + M[w) IN[—w1 Dkexko

+ KexYm[ (Clon ID[—w,] + Plw11Q[—wi1 D + 1) + (D@2 ]C[—w2 ] + Qlwi 1P[—wi Dityal},

where w; = w — Ay and wy = w + A;.

Inserting Eqs. (B12)—(B15) into Egs. (B7) and (BS8), we
obtain the quantum correlation spectrum between the signal

(B15)

(

and FWM fields. Note that S;X [w] = Syylw] = S[w]; that is,
the two-mode correlation is symmetric.
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